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SUMMARY
Ithasbeenshownthatthehodogra@nequationsofmotioncanbe
derivedina symmetricalformby thechoiceofthevelocityandthemass
velocityas independentvariables.Theequationsobtainedby theuse
ofthevelocity~t ential,thestreamfunction,ortheirtransformsas
theunknownfunctionareoftheseinegeneralformandthereforecanbe
treatedinthesamemanner.
I!articulersetsofsolutionshavebeenstudiedinde~ndentlyofthe
gaslawadoptedW somepro~rtiesoftheseriesobtainedbymeanEof
thesesetshavebeendiscussed.Approximatee gaslawsforwhichthe
solutionsofthehodographequationscanbe easilyfoundhavebeen
lrieflydiscussed.
Theequationshavebeenfurthertransformedsoastohaveas
in.depmdentvariablesthecomplexvelocityandthecomplexmassvelocity.
Twonewgeneralizedpotentialfunctionscanthenbe introducedthat
satisfyverycompactequations.l?romthesefunctions,allthe
quantitiesconcernedwiththerepresentationofthemotioncanbe
derivedbymeansofformulasinde~ndentofthegaslawadopted.By
meansof;hegeneralizedpotentid.functionsomedevelopmentshavebeen
performedwiththeapproximateChaply~Von l@mU&Tsienlaw.
An approzbnateransonicmethodhasalsoleensuggested.
mODtiTION
Froma purelymathematIcalpointoftiew,theordinaryhodograph
equationsforthestreamfunctionorforthevelocity—potential.function
andtheequationsrelatingthemto thephysicalcoordinatesare
sufficientforthestudyoftwo—ddmensionalisentropicflows.However,
froma morephysicalpointofviewtheyarenotveryelegantbecauseof
theirlackof symnetryincontrastwiththesymmetryofthecorres~nding
relationsfortheincompressiblecase.
lAtpresentatGuggenheimJetPropulsionCenter,Schoolof
Engineering,PrincetonUniverse_@,l?rinceton,NewJersey.
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Now,theequationsthatdefinethevelocity~tential @ andthe
streamfunction-#sre
j$n=o
w=
(1)
wherethesubscriptsdenotetheclifferentialquotientswithres~ctto
theelem3ntof streamlineds ortheelemetiofnormaldn,obtained
from d.sby a counte~lockwiserotationof~“, and w, p(w),and
P(’J= p(0) represent, respectively,thevelocity,d.ensity,sadstagnation
density.Equations(1), whicharesyonnetricalwithrespecto ds and @ “
if p= po,consenetheirprope@yof symmtryforvariablep ifthe
massvelocitym isconsideredin somewaythecounte- OR w. If
thehodographequationsfor ~ and ~ (orforotherfunctions)canbe
expressedsoastomake w and m (insteadoftherelationconnecting
them)appearexplicitly,theequationswillthenhavea syumwtrical
formthatcanbe interestingotonlyfroma forml pointofviewbut
alsofrumthefactthatitcangiverisetomsmypossibledevelopments
someofwhichareillustratedinthepresentw~r. m Par-tic*,it
is pssibleto chooseasnewindependentvariablesthecomplexvelocity
andmassvelocityandto introducea newgeneralizedpotentialfunction
satisfyinga veryc-t equationficunwhich @ and ~,theirWgendre
transformsX and m, andthephysicalcoordinatesx and y canbe
deducedby shple clifferentiations.
,:
U
—
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~~ mJYq’IoNs
,. Thehodographequationscanbe directlydeducedas follows.If N
and S (fig.1)arethenormalandthemibnomaltothestreamline
and El isthedirectionofnmtionata point P
Z =X+ iy=eie(~+ ~) (2a)
dz=e [‘edS-Nd’ +i(dN+Sde)~’
eie(ds+=
wherethedefiningequations(1)
followsfromeq,,tions(2)that
d-#.
i ‘) =eie(%+i) (211)
havebeenusedinthelaststep.It
W(as–I?ae)
m(dN+ S M)
}
(3)
Thesearetworelationsbetweenexactdifferentialsandthereforecsmbe
writtenas
. (b..dm+=dN=~dm+Ned9=E 1*e u–Sac (4)
_——
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where m and w aretworelatedveriablesothatthemeaningof
partialdifferentiationtithrespecto m is
.’..
.d
am
Since 13Sad dN ereexact
equations(4)that
<
a~
&w
dwa la=—— =——
dmh ml%
differetiials,itfoll.owsfrom
%%)=*’’-S)
so that
—
Butfromequatiw (4)
mm = *m
and
.
.’
..
(5)
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Hence,putting
trmeformation
which@eld
~ymetrical
4> equalto
for m resultsin
a
andperfomingthesame
a+
thefollowingequations:
the well+known
form.
(6)
Chaplyginequationsfor @ and * ina
It is seenfromequations(k)that
and,withtheaidof equations(5),
—.. ——
.—— .—---— —
———
.——
6Theseequationscsmbe satisfiedby putting,
S=xw
.$ wl?=x~ 9 Ii=
Equations(7)areconsistentif
Xe = w% 9
a symmetricalsystemofequationsti X and
equations(6).2
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m verysimilarto
Fromequations(3)and(7)itisdeducedthat
d~=wd~–~~=d(w~–x)
Hence,towithinanunessentialconstant,
p.w~-x
1
/
3whichgive ~ and ~ intermsof X and u.
and m areofcoursetheLegendretransformsof
as functionsofthephysicalcoor&l.nates.
me f-unctions X end CD aredistinguished
solutionofequations(8)isknow-nalltheothsr
(8)
(9)
ThefunctionsX
~ and W considered
bythefactthatoncea
functionsconcerning
2Equations(8)havetieadybeenwritteninthepresentformby
Bateman(reference1).
3Relatio~(9)~ea~ havebeenderivedinthepresentformby
* BatemanandP6r6s(references1 and2).
——
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thephysicalrepresentationofmotioncanbe derivedby simple
differentiations,@ and * he= obtainedfromequations(9)and z
fromeg~ti~ (2)and(7). However,if @ @ ~ me theknOWR
functionsatisfyingequations(6),integrationsarenecessaryto deduce
theotherquantities.Aftertiteg&tion-andd.eteminationof-the
constantssoasto satisfyequation(8),thefollowingexplicit
expressionsfor X and m areobtainedfromequations(9):
1le—— v(Wrjel)cos(e– c c0t3e+c28ine%6 61)Ml + ~r
.
J+~ew 1?Xwr,el)cos(e– ~wl – c1 stie + C2 coser er
where Wr and 6r aretwoarbitraryreferencequantities,~ = m(Wr),
Ema cl
and *.
that
and C2 aretwuarbitrary
It isread31ydeducedwith
constantswithno imfluenceon ~
theaidofequations(2)and(7)
By clifferentiation,
~. eie($+i$)
whichagreeswithequation(2b).
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.-
~m equations(6)and(8)thehodographequationsforthe
funotionsX,m, ~,and * canbe easilyshowntobe asfollows:
(lOa)
(103)
(1OC)
(lOd)
Eachoftheseequationsreducesto theI@_aceequationif m = w.
Thefo~- equatio~me obtatiedfromequations(10)with w
as inde~ndentvaria%le:
Y+(l-MQ)EJ=O@&x+(1- M2)wb
#
[
#a%+ 1+M2+ log (1-M?)]w~+(l-M~ ~=0
*
[
#~+ l-M2-wbog(L- 1M9w:+(l-$)a=oaw2 dw a92
a%#=’J! (l+ M2)w~+(l-M9==o
a??-
.—_—
2.
*
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where M, theI&ohmmiber,isdefinedby (seeequation(15))
1- d logm~2 _ d log~
Foreveryparticularlaw m(w);thatis,forevery
equationeareobtained.librM <1 (sulsonicflow)
theelliptictyp; for M >1 (supersonicflow)the
hyperbolicty@. /
p(w),explicit
theequationsareof
equations=e ofthe
Thehodographequatiomarefrequentlytransfo-dsoasto
simplifythesecod+rbr term. .Thus,iffor g>o,
~= (%+$/2=[-C@m .(+)]l/’=(i logw & ,.g-~)m
& 1/4
[-)dw2
then
L&9. (#a
w
dw laA—=—
m ~2
(U)
(M)
_—. .—— .—— —-—
——
—
—-—
_._—
_.. _.. — —.-—
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andequationt3(10)aretmmsfmmedinto
(lsa)
(lsb)
(13C)
(lsd)
For & <0 analogoustransfomtionscanhe perfomnedwiththe
(14)
c,,
i,,
introductionf ml, ~, and @l defined- theS- w as ~, %
and P with -&L insteadof dm. It isseenthat X representssome
W ofam integralmm.nbetweenlogw and logm. Introducingthe
— ——.
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soundvelocitya = (J
@ 1/2
r
andthe
followingequationsdeducedfromthe
Thenfor M <1,
..
.
MachnumberM = ~ leadstothe
Bernoulliequationdp+ pwdw= O:
Idlogw oa2+#—.d 10gpd 10gp =4?d.logwd logm—=1-$d logw
(lhmdlogw
.=(% ,G2y12
(15)
(16a)
(16b)
(16c)
Thereisobtaineda corresponding
when M >1 by simplyreplac~
setofequationsfor ml, q, - Bl
l– M2 by M2 – 1.
Appro~te Methods
It isseenfromequations(13)thatforconstanta or P these
equationsreducetotheLaplacequation.Thefirstpossibilityisto
be rejectedforsubscmic’motionbecause,as equation(16)shows,it
_ _—. _-— .-
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gives p asam increasingfunctionof M. Thesecondoneisthewel.l-
hcmnl&m&Tsien apwoximation(references3 and4)
(17)
where K isa constant.
appro~tion for K = 1
SomeconsiderateIons
nowintroduced.Withthe
immediatelyintegratedto
where H isanarbitrary
Thisequationreducesto theChaplygin
(reference5 andderivedstudies).
thatwillbe usefulina subsequentsectionme
helpofequations(12),equation(17)canbe
obtain
:+ + H+)J
constant. Integratingowequation
(18)
(l&) and
theBerncndliequations(15),therefollows,res~ctively,
_= 1 Po+co~P
Imp
‘o
(lgb)
..
———— ..—
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Rromequations(15),fora realisentropicgas,
and”
where
a. ‘s
A
d
a#
(20a)
(20b)
()2 l/2W.=ao Isthemadmumvelocityat zerodensity,Y -1
thestagnationsoundvelocity,and 7 istheadiabaticindex.
coqxmisonbetweenequations(18)and.(2o)isshowninfigme 2
wherethelaw,equation(18),isrepresentedby a straightline.
Chaplygintakesitasthetangentothegraphofequation(20)
at w=O, sothat K=l and H=&. IntheK&m&H!sienmethodk%2
thetangentistakenat w = w- thespeedat infhity,sothat\
P02 1
KH=— —
P2 aw2co
(21)
%lhismethodhasbeenoftenpresentedina lesscoherentform,as
theconstantsofequations(18)and(19)aredetemninedfordifferent
conditions,thoughtheformulaforthecorrectionofpressurecoefficients
isnotaffectedbythisincoherence.
—-. ... ————.— —
—-- -
..— — ----
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Observethatfor K # 1 thevalueof p at w = O tiffersfromthe
exactstagnationdensityp.. It is easilyseenthatthevaluefor KH
inequations(21)givestheslopeofthetrueiseniropicrelationata
pointcorrespondingtotheconditionsat i@inity,hut,asthisdepends
onlyonthevalueof ICE,itisseenalsothatK&L&ts conditionis
satisfiedforeveryparalleltothetangentat w = w~ (fig.2),that
is,forthe EH valuegivenby equation(21)lmtfordifferentvalues
of K. ‘lhis suggests thepossibilityof ~oving theman appro~tion
ofthe ‘Ehrm&@Ysienmethod1y anapprowiate choiceof K. The~
Tsiencorrectionfo?nmil-aforthepressurecoefficienthasthentobe
modified.Themodifiedformula,indepxuientoftheconstantof
integrationi equation(lga),isthen
c_
CP =
which
given
Vslue
reducestotheK&m&M%ien correctionformulaforthevalueof K .
by equation(21).Applicationfthemodifiedformulawithsome
of K betweeng(, _%2) and 1 givesvaluesof CP m
P.x–
better~eement withe~rimentalvalues.
Forsupersonicmotionthehodographequationsreduceto the
simplesthyperbolicequation(waveequation)for al = Constant
or 91= Constant,with ~ w 131givenby equtio~ (12)~th +
insteadof dm orby equation(16)with M2 – 1 inplaceof 1- @.
Thesecondpossibilityisnowtobe rejectedbecausetheresultingvalue
of p increaseswith M. Thefirstpossibilitygives
— . .
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-&3tis,afterintegration
%?. Jy+02
~Po2 + P2
..
The constants Kl ad El can
condition:
%=
be determined
$ (m’-1)
P(-J
POL
~@2Mm4
9
Mm”-1
With al = Constant,equations(13c) ~
reduoetotheshrplewaveequation.The
berepresentedby,for~e,
x= f(xlt
soasto satisfyX&n&tg
(lsd)(modifiedfor M > 1)
generalsolutioncantherefore
e) (22)
?26r6shasd.readyindicateda lawofthisldnd(reference2).
—-—. —.. .
—— .– —.——— —.—
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Otherlaws
equationfor M
diatelydeduced
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forwhichthehodographequationsreduceto theLaplace
< 1 (ortothewaveequationsfor M > 1) aretie .,
fromequations(14),(orfromthecorrespondingequation
forthesupersoniccase)asthelawswhichmakeoneofthefourq~
titiesa, l/a,Py and l/f3,(orthosecorrespondingfor M>l) linear ~.
in X (orinkl). Forthetrueisentropicgasthecurvesof a, !3,
l/cL,and l/p asfunctiouof A areshowninfigure3. For w= O,
X=-w,anaa=p= 1 theChaplyginandtheK&rm6@Tsienapp?odmations
replacethetrueshap by a horizontallinewhichcan@ve anapprox-
*tion nottoobadevenfor w = O. Approximatelawsforwhich
[
equations14)reducetotheLaplacequationarerepresemtedby
arbitraryma generallynothorizontal)straightlines.It isseen
thatfor X = - theseltiesdivergehopelesslyfromthetruelaw.
Hencetheselawsdonotappmrtobe convenientfortheapprodmate
representationina largerangeofvelocity.Neverthelesstheycan
possillyhaveapplicationwhenthevariationsofvelocityfroma mean
value(for5nstsmce,thevalueat infirdty)aresmall.Inthiscaseit
ispossibleto achievea betterapproximationthanwiththe~
Tsienmethodbytakingastheapproximatee lawthetangento oneofthe
curvesoffigure3. Theresultingapproxhatep,p curvewillhavea
contactof secondorderwiththerealisentropic.
Forthesuprsonicase,q, ~1,l/q, and 1/51,asfunctions
of Xl,areshowninfigure4 for y = 1.4. h interestingpossibility
is givenbythecm’veof al,whichcan%e wella~o~ted by a
straightlinebetweenM = 2 end M = 10. Henceinthisrangethe
exacthodogmphequationin ~
. 1-=5 X d3ffersverylittlefromthe
simplewaveequationh Xl smd 19.Thereforethegeneralsqlution
thesupersonicmotionh thesaidrangeof M isapproximately
of
where ~ and Xl aregivenby thetrueisentropiclaw. !l?hls
appro~tion seemstobebgtterthantheapproximationgivenby
equation(22).
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&act
m
partic&YoR%L-
U
calledpowersetand
. .
SolutionsofTheHodogm@ Equations
Manystudieshavebeendevelopedontwosetsof
ofthehodogra@equationin ~ or ~, thes-
exponentialset~ characterizedby thefactthat
forthetiompressi?)lecasetheyred~e respectivelyto thenatmal
powersofthelogarithmsofthecomplexvelocityandthoseofthe
complexvelocityitself.Thesymmetricalformofequations(10)makes
it possibleto tiesenthesesolutionE
By theintroduction(thoughit is
auxiliaryquantitiesfi,%,~, and ~,
equations(10),andsamesupplememt~
qua.nti ies
I?=x+
F= ;+
G=$+
E.?+
ina formW-t seemsj.ntOresting.
notstrictlynecessary)offow
satisf~ inthesameorder
co&iitions,thefourcomplex
G
h
i;
iq
csnbemadeto satisfynotonlyequations(10)inthesameorderbut
alsotherelations
IIIFw=ii-e (23a)
.
Wlzm~ ii’e (23b)
$G~/m= –iGe (23c)
: %/w =-% (23d)
--——..—..- .— -—
.—
—— .— —.
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correspondingtoequations(6),(8),andtherelations
G=
z=
–F
–%
1
L’
corresponrd.inntoequations(9). ConverselyF and & aregivenby
formulascorrespondingtothosewrittenin sectionentitled“Hodograph
Equations”for x and ax
.
J+>e~(wr,f31)cos(e4 ,gr
enda similarequationfor
-1el)cq
~ with m and w,G and ~ titerchemged.
Theg.usmtities~ , ~, ~, and ~ canbe determinedsothattheyreduce
to & m, ~,and v fortheincompressiblecase m = w; hencethe
equations
.——
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. satisfytheLaplacequations
+=o
(whereA = # +E ) to whichequations(10)reducewhen m = w.a(logWJ2M2
An operator(( )) isnowdefinedasthatwhich,whenappliedto\
h
()
log~ (wr %eingmarbitraryreferencevelocity),transformsit
‘r
into
forh=l,2, . . .,theintegrationbeingrepeatedh times;then,t e
indicationofthelowerlimitof integrationbeingemittedforbrevity,t
%’ormulas(26.)and(26d)couldpreferablybe writtenas operations
!& a 10gw andaredj.fferentfromtheonpowersof log~,wr
V%
operationsgivenby equations(26a)and(26b)onpowersof —log~
‘r
–log%%
.——-.—. .——.
20
Fromtheseequationsthereisdeduced
m~rh(w,nt)=Ih_l(m,w)
WA ~ 2432
(27)
=%(((-%!)=h(((-%dky
andtheanalogousequationsobtainedby interchangingw and m, and/or
by changingw into l/w and m into l/m.
It istheneasilyverifiedthat,with 10= 1, eachofthefol.lowhg
functions
((( )))nF= 10g~ T ie%?
?= ((( F))10gUT ie%
(28)
.
isa solutionofthecorrespondingequation,‘thesignshavingbeen
selectedsoasto satisfyalsoequations(23).Thechoiceoftheupper
orlowersigndoesnotaffecthevaluesof ~,$, X, and m derived
fromequations(28)sothatforthesolutionoftheflowproblemit is
7Thiskindof solutionhasbeenfirstdiscoveredbyBergman(see
forinstancereference6)andbyBersandGelbart(reference7). The
presentformisnewandmoresymmetrical.
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sufficienttoretain,forinstance,onlytheupperone;8neverthelessin
somecasesitcanbe usefulto considersolutimswithbothsigns.
Thesolutionrepresentedby thevalues, equations(28),of G
and & doesnotcoticidewiththeonecorrespondingtothevslues,
equations(28),of F and R foritdiffersfromthevaluesof G
and & derivedfrom F and ? bymeaasofequations(24).Thiscan
be shownasfollows:Fromtherecurrenceformula,whichiseasyto
verify,
andfromthevalues,directlydeducedwith 10 = 1,
Thereisdeducedwiththeaidofequations(27)
(1-w$+h(w~m)=lh(w~m)- lh-l(m~w)
(29)
andtheanalogousrelationsobtainedafterinterchangingthevariables.
‘Inthiscasefor m = w thefoursolutions,equations(28),reduce
(totithina multiplicativeconstant)to
Fog:-ijn> ‘Wt ‘Stothe
powersetfortheincompressiblecase.
—. .—
-—
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Applicationfequations(24)to equations(28)yieldsthe
followingequation:
4 ‘(’-“%)((?O’n))).X_~ie‘r
anda s~ar equationfor G, if w istnberchangedwith m, with
the * sign.‘JMs G differsfromtheelemeritarysolution,
equations(28),althoughitisa linearccmiblnationof suchelementary
solutions,a factholdingalsofortheincompressiblecase. n that
case,however,theexpressionfor G conta~ onlyan elementary
solutionwiththeuppersignif F is so,forthen Wr = %.
Thephysicalcoordinatesareeasilydeduced;forby equations(7)
where ~ and ~ areauxiliaryquantitiesconnectedwith ~ and ~
by relationsimilarto equations(7). Hence
z = eie(S+ IN)
with
;R ((( ) ))10g~ – ie
DA
=—
%
.—— —.—
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Itisnowagainverifiedthat,as alreadyobserved,thechoiceof
thesigndoesnotaffect heresultsconcerningthevaluesof ~, ~,
and z butonlytheintroducedauxiliaryfunctions.In stisequent
work,therefore,onlytheuppersignisretained.
Linearcombinations,andin somecasesinfiniteseriesofthe
elementarysolutions,equations(28),arestillsolutionsofthe
correspondingequations.
white seriesinthepowerset.–If,say,F isgivenby an
infiniteseries,thendevelopingandinvertingthe~rderof summations
gives
F= g (((%
)))
logz– ien
Wr ‘5%n!~1h(w,m~ (-io)tin=o, h=() (n–h)!
‘%Ih(%d~ ‘: ()~~(n–h)! ~(–ie)*=&h(W,m)A (31)h=() d~hC=–i8
where
Mn=;q=’
representsthefunctioncorrespondingto thispowerseries.
Now,independentlyoftheconvergenceofthispowerseriesit is
readilyverifiedby differentiation,thatequation(31),wheneverit
— — ——
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converges,isa soltiionoftheequationin F (seeequation(lOa)).
. Stmilsrlywhenitconverges,theseries
obtainedfrom
satisfies
thereare
Now,
equations
fOllowing
the
the
let
equation(31)mbysimplyinterchangingw and m
equationin F (seeequationa(lOb)).For G and &
aogim solutions
-)
G and &be deducedfrom F and ~ bymeans
(24),withthehelpofequaticm(29).Thereredts
expressionfor G:
anda shilarexpressionfor 6 afterw and m, Wr ad q
(32)
(33)
of
the
have
beeninterchanged.
Thevaluesof ~ and ‘+ deducedfromtheseexpressionsfor G
and & arethesameasthosederi~edfmm equations(33)if
—..
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Theformulafor 1? canbewrittenin a differentform:
with
A(–ie)= al(e)+ i%(e)
B(i(3)= bl(e)+ ib2(e)
It followsthat
with
Ill(e)= +e) - ~ a2w)
and
Thereare5h.nilerequationsfor Y and 6.
25
..— —— ——. . .. —.. — —
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Hencefor w = Wr
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Xr= q-(e)-
()?& =+’(e)
% =aJe)
‘r@ = al?(e)r
sothat A endallthesolutionsofequations
(34)
(31)and(32)are
determinedby thevaluesof X anditsradialderivativeonthe
circlew = Wr ofthehodogra~hplaneorby thecorrespondingvelues
for m. EHmilarstatementsholdfor B, @, and V andsolutionsof
equations(33).Hencethesoltiionswrittendepend.upontwoarbitiw
functionsand,intheirregionofconvergence,representthegeneral-
solutionofthehodographequations.NaturalJytheydonotgiveany
indicationofthelehaviourofthecomespon&lngsolutionsat w = O;
foras m+ w+ O, Pd+ m = bog“Ih ‘0‘@t ‘e ‘i@ ‘s
certahlyoutsidetheregionofconvergence.
In fact,ifthesoltiionsmusthe regulsrat w = O, onlyoneof
thefunctionsa(e) and b(e) canhe chosenarbitrarily,andother
representationsofthesolutionsareneededto determinetheother.The
regionofconvergenceoftheseries
dependsontheformof
, equations(31),(32),end(33),
A(c) ad B(c). However,a generalideaof
itsshapecan%egivenbymakingverygeneralassumptionsaboutthese
functionsemd m(w).
Let r(e) be lessthanthedistenceinthe~~leneletweenthe
point –ie andthenearests@uleri@ of A(L) andlet &(G)
———
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be theupperboundof IA(L)1onthecticlewithcenter-ie and
radiusr. ThentheCauchy’a inequali~gives
.end.a similarexpressionfcm B, tith ~ md rl inplaceof
(35)
endthesame13RdtatiOnSfor Ih(m,w) end Ih(l/m,l/w).
(36)
eretheupperboundsofthewrittenquantitiesbetweenw and Wr,
equations(26)giveforevenvaluesof h
(37)
. . . . .. . ._—. — -
.. ——— ——-
——
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Foroddvaluesof h theupperboundsfor Ih(w,m)
and Ih(m,w) sreObt-a franthecwrespondingexpressionsin
“ equations(37)bymultiplyingthemwith (a/b)l’2and (’b/a)1’2,
respectively,andthosefor lIh(l/w,l/m)l~ ~h(l/m,l/w)lwe
obtainedbymultiplyingtheexpressionstiequations(37)bY (c/d)l/2
end (d/c)l’2,respectively.
Considerationftheseries(31)showsthatthetermsoftheseries
ere less thanthe corresponding termsofthegecmetricseries
whichconvergeswhentheratioislessthan1.
(32)
Hencetheseries(31)end(asitmy he deducedinthesameway)
convergealsoltielyintheregion
!1“(ab)l/2 og~ < r(e)
Stmilarly,theseries(33)convergealmoltielyfor
(@b)
Now since ab and cd arefunctionsof w and Wr,andsticer
and rl —arequantitieswhichincreasewiththedistancefrcmthe
singulmitiesof A and B, thegeneralshapeoftheregionof
convergenceinthehodographplaneisa curvedstrip,whichcontainsthe
circlew = w , endwhosewidthwi~ he a hum when –M isnearest
to a singularityof A(L) or B(C).
——.—— —-———
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Ifa singularityliesonthe
B(ie),andtheirderivateshavea
correspondingwidthoftheregion
3
imagimryaxis, that is,if A(–if3)or
singdarityforsmnevalueof e,the
ofconvergencewillle zero.This
hapwns,forinstance,whenthereferencevelocityWr isthevelocity
at infinityoftheflowrounda body.
An observationf am intereststhatas,forplausiblelaws,
P/Po is 0(1) for M = 1 then (ab)l/2and (cd)l/2(equations(36))
( ) (1m O 11-M211/2 or O 1 - %211/2)(thelargerofthetwo)for M
@Mrmal”
Henceequations(38)showthatforgivenA(C) and B(C) the
widthoftheregionofconvergenceisthegreatestandtherapitityof
convergencethebestnearthesonicline M = 1. Thereforeitis
believedthatthesolutionrepresentedby series(31),(32),and(33)
mayhaveapplicationsinthesolutionoftransonicproblems,naturally
inctiinationwithothermethodsconvergingintherestofthefield
ofDtion.
finallyobsemethatthedevelopmentofequation
handledifferentlysoasto obtaina -r seriesin
,.: w ~ .,q=(.,.)
h=O h! n=h
whichby useofequation(27)andsimilarexpxmsions
(;1)can be
:
andwith
becomes
.
Thefunctions1?.and F,whenevertheseriesconverge,satisfythe
correspondingequationsandtherelations(23),as can,b6 directly
verified,witharbitraryfl and f2. Analogousolutionsholdfor G
and G with ie inplaceof -ie,l/m and l/w inplaceof w and m,
~d two=bitraryfmctio~ $l(w)~ @(w). Porred v~ues
.
—————. —-
. .—.———
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of fl and f2 theresland’~
obtainedtiectly;sothattheequation
partsof F and % are
dependsonlyon fl(w);
theequation
c~espon-, gl and ~ Becomerealand
dependsonlyon gl(w).
.
Thephysicalcoordinatesarethenfoundlymeansofequations(2)
and(7)tole
NACATN 2k32 31
.
*
From x + im therefollowsbymeam ofequation(9)an expression
for @ + iv whichmustcoincidewiththewrittenoneif
q(w) = (W%-’)fl(w)
or
fl(w)= +7
Fromthiscoincidencethefollowing
! gl all/w)
interestingfammlascanbe deduced:
/
2++ ‘&-)=(+-)~&-(+jk
m d(l/w)w d(l/m)
wldchareeasytoverifydirectly.
Themeaningofthewrittensolutionisreadilyfoundby observing
thatwhentheseriesconverge,for e = O,then X = fl(w),@ = gl(w),
df~
U=*=O, X =&.--and y=o, sothat fl.[x dw,~ .~w dx,endthe
wholesolutionisdetemninedwhenthe“axial”lawofdistributionf
veloci~isgiven.
Hencethesolution,undera somewhatifferentandmoreexplicit
form,reducestotheonestutiedbyLighthi31(reference8) inhis
workonthetrsmsonicflowinsymmetricalchannels.As Lighthill
obse~edthecoefficientsoftheexpansiambecameinfiniteat sonic
syeed(forthen d.= O),sothattheseriesdivergeinthetransonic
region.In thisregion,however,thesolutioncanle foundby fol.lowing
theLighthiI1’singeniousmethml,thatis,invertingtheseries
.——.-—— --——-—— —.—-—
—
——- .——————
32 NACATN 2k32
im+iemx
givingiv ortheone@v”@ , sticethecoefficientsofthe
(ie)2
tivertedseriesarefiniteat sonicspeed.Theap@icationofLighthill:s
methodcanbemadeeasierby the~esentformofthesolution.
.
Theexponentialset.–If h equdions(31),(32),and(33)
and
n“
withar%itrsryn,thenthefunctions
F = ~(w,m)e–~
–id
~ = ~(m,w)e
(39)
withcoefficientsdefinedhy
&
.
~(w,m)=)_ nhIh(w,d
h=()
~(m,w)= ~ D%h(m,w)
h=() J
(40)
.
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andsimilerequationefw theother~ willbe solutions
comespondingequations(10)and(23)whichreduce,for m
to (ve-i6/wr)n(equations(lOa),(lOh),(23a),and(23%))
33
ofthe
=W
to (wyeie/w)n(eq@iO~ (loc),(led.),(23c),~d (23d)),
thatis,totheexponentialsetfartheincompressiblecase.
It is immediatelyverifiedbymeansofequation(37)thatthe
series~ convergeforsllvsluesof w and Wr fw which a,b, c,
and d arelhited,thatis,farwhich P and M arelimitedandnot
zero.Fm plausiblegaElawsthisexcludesonlythevaluesw = O
and w= k“
It isthereforeseen,andeasilyverifiedMrectly,that
equations(40)andthetwootherequationsfor ~ are,in order,
solutionsoftheordinaryclifferentialequations
w
m
1
ii
deducedfromequations
ofa sinusoidalfactor
~, On)W v- ‘f ‘“
d ‘%()—mzam -n2~=0
[1al d$n—— — % =0d(l/m)“md(l/w)– n n
(41R)
(41b)
(41C)
(kid)
(10)by takingX,m, ~, and y astheproduct
in nf3andofthecwrespondingfunction~
Forthenarmalisentiopiclaw,equatione(41)
%ecam.ethelmownequationsofthe~erge-tiic tie smdhavebeenthe
objectoftheinvestigationsofmanyauthors.(See,forinstance,
references~,6, 8>9Slo>llS~d 12.) Eq~tion(41d)MS ge~r~y been
studiedwithpmticularregerdtothosesolutiomthatsatis~the
conditiunthat V~@ isunie at w = O.
—..——. .—— —— —- ——
—— —.
. . . . . .—
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It is immediatelyverifiedthatthesolutions~ donotsatisfy
thisconditionendthatthecmespondingcmtitiansat w = Wr are:
(%)r=1
. .
Thesymmetricalfor.ofequations(41)allowssamegeneral
relationstobe easilyderived.Someoftheserelations,thatmy be
usefulforfurtherdevelopments,arenowstatedbriefly.
The ~ canbe consideredasthesuperpositionftwoindependent
soluAions9ofequations(41): .,
)
Cn(w,m)=g n%I~(w,m) I
f
Sn(w,m)=
~ na+’~+,(w,rn)I
J
(42)
ysolutiomofthelsimlof ~, Cn,w ~ werefirstintroduces
%yBersandGelhrt,reference7.
...
.
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forwhichthe
Theyare
35
conditionsat w = wr are:
(%l)r= 1
()
dCn
wr=o
(%)r = o
(
~ %(w,m)
)(
~ %(m,w)
dw ~= ) =ndmr
connectedby relationsimilartothoseconnecthgthe
exyonentiaL3andthe~erbolic cosineandsine:
c= = Cn
s= = -sn
E- = Cnks n
2Cn-~+E=
2Sn=~-E=
_—— -—.-——.-
–.-— ————..
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Cn(w,dcn(%w)
~(w,m)~(m,w)
– ~(w,m)Sn(m,w)= 1
+ ~(m,w)Ea(w,m)= 2
d~(w,m)
m dw = ~(m,w)
. . ..
~(w,m)
m dw = nCn(m,w)
m SE&@.~(m,w)
dw
Shilarrelationsholdwhen w and m srere@acedby thetiinverse
values.
Allthesolutionsofequations(41)cenberepresentedby lineer
canbinationsof Cn and S=,ht thesefunctions(asslltheseries
it is
thie 13ehatiour isverytmportantfor_
necess~ to followa differentmethodof
~ = (Xne-ie)n
‘i =(-ie–ie)n
G=(Yneie)n
- ien
Z = [Yne )
soltiionsnear w = O.
p~sicalapplications,
investigation:Let
.
.
——— ———
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be solutionsofthe
exponentialsetfor
--
-correspondingequations(10)whichreduce
theincmpresEiblecase.Then ~n, <n,
3’7
tothe
Ynn,
S,Ild“YnfJsresolutionsofequations(41).Now,iffarnegativevalues
of n thelasttwomustcoincidewith @@ and ~= (suchthat,for
**instance,—= 1 at w = O) andifforpositivevaluesof n the
~+
firettwomustcofncidewiththecorrespondingXn and ~, itis seen
tht ~/w, ~/m, fin,~d ~n mustbe equaltouni~ at w= O. It
3s nowshownthatthisispossibleforallvaluesof n exceptsome
exceptionalvalues:Let
d 10g-~
g=w
am
,
~ .&dlogYn
n w d(l/m)
It isimmediatelyseen
Riccatitsequation
fromequations(23)that~ mustsatis~
l%dma
— - Rn2
‘m~=d$n
\
(43)
_...——.—.. .
—..
— .— -— —-
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e
andt~t Rm TnJand tinmnstsatisfithe
with m and w Interchangedorinverted.
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cmrespcrnding equations
Furthermore.these
qu.entitiesareconnectedbythefo120wingrelations:“
.1
fin=~
%
(45a)
It isdeducedfromequationa(43)
r%1
nm-~w
IM& — m
that
—
‘=e=’L-~(=+jw
(453)
(45C)
(46a)
(461))
(46c)
(4-63)
sothatthesequantitiesereequalto unityandane2@icat w = O if
elltheIntegrandsere-ic there.It canhe showninfactthat,
if ;= P
~
isananal@icalfunctionof w near w = O,theintegrands
ofequations(46a)and(46%)erezeroandanalyticat w = O foreiU
valuesof n exceptnegativeinte~alendhalf-integralvelues(for
,
.
——
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cmlythenegativeintegersif & isanmalyticfunctionof %);
whiletheintegrsndsofequations(k6c)and(k6d)arezeroandenelytic
at w = O forallvaluesof n exceptpositiveintegrsllandh.alf-
integra.1valuesgreaterthsn1 (fm onlythepositiveintegersgreater
them1, if & isanalyticin #).
Theseresultsreduceto thewell-own resultswhentheequations
.ere@ergecnnetric.b thiscaseLighthitl(reference8)hasgiventhe
mostcompletediscussionofthesolutionsoftheequationin $n and
deduced.hportanttheorems,someofwhichmy possiblyle generalized
followingthepresentmethod.It canbe seenthatwe exclusitiofthe
poleat n = –1 fortheequationsh @n and v= isa general
property,whichdoesnotholdfortheequationsin ~ end ~.
For n = 1 thesoltiionsofequation
equations) andthecorrespondingsoltiions
Ii’=Xle–ie . ~e–ie
(k-k)(andoftheenalogous
ofequations(24)are:
(47a)
(47P)
(47C)
(47e)
(47f)
_.———.,—.._—
—— ——-—
_—
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It isseenframequations(24)thatthevaluesof G and & (hence
of @ end $ carresyondingto equations(47a)and(47b)are
identicallyzero.In fact,it isseenfrw equations(2)and(3)that
thissolutionrepresentsmerelya dimlacanentoftheorigtiofthe
physicalcoordinates.Equations(k7e)and(47f) aremoreinteresting
astheycoincidewiththewell-own~inglebsolution(reference13).
Thecorrespondingvaluesof F and F aredeterminedby equation(25)
(andtheanalogousequations).Thus,
.
1.(fI/w ~1?= -ireie )—d(l/@ + ~~+l/wpml (48)(fl/m ~fi=-me~ — )Jd(l/ml)+ &1/+ ‘1
plusa constantmultipleof We-ie and me-i8.Thecoefficients
of ei~ intheseformulas,togetherwith w and m respectively,
re~resenttwobiqendentsolutionsofequations(41a)and(41b)
forn2 = 1. Theoperatcms–1 + w ~ and -l+m~ whichgenerally
allowthedeductionoftwoindependentsolutionsoftheequations
h @n =d Vn frmatwoindependentsolutionsoftheequations
in Xn and ~ sufferan exceptionfor n = 1 astheyprmluceonly
onesetofsolutions;thatis,l/m and l/w,respectively;forwhen
a@l-iedto w and m theresultis zero.ThisexceptionalcaseIs
expldnedinthesectionentitled‘Anewset.” Whenn=l
and R1=~ equation(45c)becmestidetermimate,butthecorresponding
valueof T_l canle deducedframthisrelation.astheMmitingvalue
for n~ 1 oftheindeterminateexpression.It followsfrom
equation(44)
Rn =
that withtheconditi-m~ = 1 at w = O
—
.
“.
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Hence,itisdeducedthat
f
w
T_l= llm~ -% m o ‘ldwl
n~l nwl?n—m =
J
m
v w. @l
o
(49)
.
ShiW e~ressionsholdfor T_l and ?_l. Hencetheequations-
(50)
reyresentthesecondsolution.ofequations(41c)and(41d),independent
l~fl=:of Y~=~ andreducingto zeroat w= O. The
expressions@le‘ie and ~le-ie representa kindofmotionbetween
twoprallelwalls.Thesesolutionscouldbe @ectly obtainedby
invertingandexchangingthevariablesinequations(k8)and
P~t@ wr ‘“”r‘O.
.
—.——. . .— .-— —— —.
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~2
If n+., equation(44)showsthat %2 + %2 = —. similarly
dw2
theequations
coincidewith
calculatedby
(51)
;_2=~= J!UQ2”T-2 d(l/+)
l/CG4ad I/BQ(eq~tio~ (~)) * c= be explicitly
equation(16).Thenequations(46)showthat - -
where A = logw – JL 1- (dlogm/dlogw) J
1/2 ~
o
withthevaluededucedby integrat~the dX given
enddetemdningtheconstantofintegrationsothat
Hence ed isthesubsoni~-otic valueof ~,
for n+ ah
(52)
logw coincides
by equation(IL)
eh
—=1 at w=O.
w
4
—
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Thesoltiionsofequations(41)
soItiioDE,equations(42),by dnple
justdiscussedareboundto
relations.Forbstance,
x+)— = ~(w,m)+Rn(wr)%(w,d
xn(wr)
*n(w)
—= ()Cn3.: - ~n(Wr)%(*j~Vn(wr) )!
as canbeverifiedly controllingtheidenti&oftheconditicms
at W = Wr. Henceas w~ O ~ Icnl ~d Isnlaa
w b(w,m) m %(m,w)
= ‘n(wr)W+om=w+o’w
43
the
(53)
Thefollowinginteresthgexpansions
equations(53) tothesolutionsinclosed
arededucedby a@ying
w= %cl(wjm)+~sl (wjm) 1
(54)
f
l/w~
w — d(l/wl)=-+ Sl(w,m)
l/~ ?
“J
(andthecorrespmxlingexpmsionswiththevariablesinterchangedor
inverted).
—. ———.
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FinaJly,it shouldhe observedthatdlfferent&ting
equation(kla)withrespecto w yields
;&~&(:)] +(n%,#=o
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(forimstance)
Thisequationis ofthesamegeneralfarmasequations(41)with
onlyoneofthevariablesinvertedand 1 – n2 inplaceof n2;it can
thereforebe treatedinthesamewayasequations(41).
Hencetwoparticularsolutionssimilarto equations(42),
~
canye deftiedthroughtheintegralsIh givenby thefmmla (26)
ly stmplyreplac~ thepresentvariables.Far n2 >1 thesecond
seriesisimaginayandmuf3tbe divided.by i to obtatia reel
solution.Theg8nerelsolutimfor d~dw isgiven%y a linear
cmibinationfthesesoltiions,andthegenerslsolutionfor Xn is
obtained%y integratingendadillnganapproxhateconstant.Now,this
must
then
coincidewiththeoneintermsof Cn(w,m)yd Sn(w,m).It is
easilyderivedthat
-.
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and
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.
.
Analogousrelationsobt~d by interchangiq
veriablesalsohold.Far n = 1 theserelations
asa particularcase.
Othertiterestingrelationscm be deducedin
andinvertingthe
giveequations(54)
thesameway.
Infiniteseriesintheexponentialset.-Theseriesin ~-m
ad Vne -&3‘~ havebeenused(asseriesin he
“a %e–m
couldbe)bymanyauthors‘inthecaseofthenarmalisentrupiclaw
(references5, 6,9, andU).
Theyseemtohavetheirnaturelfieldofapplicatiminthe
problemoftin-dimensionalg sjets,asChaplyginffistshowedinhis
classicalmemoir.
Theamicationto flowsaroundbodiesseemstobemore
clifficult,especiallyforflowswithcirculation.Thetifficulty
arisesfirstfrcmthepresenceintheholographplaneofa singularity
at w=wa sadficmthe,ensmlngecessi~ofemployingmorethenone
seriesdevelopmenth theexponentialsetwithdifferentsequences
of n (-asappearsalreadyintheincompressiblecase)withadded
eventueltermsinothersets,andofinsuringthatthetifferentseries
aretbecontimnationsof eacho~er.10 Thiscanbe achieved(although
ina notveryshpleway]byputtdngtheconditionofcontinuityofthe
solutionsd ofthetiderivativesonthethetransitioncurves(often
circles),asIMM~eend- by Tsien~ KUO (refere~e121~ aSt~
authorMmselfhasdoneinanunpublishedw s ina somewhat&Lfferent
m> butitiSbe~e~edtit tie~ obstacletOt~s ~~~ @ses
framthedifficulbofinsuringthatthebodywXU havea closed
contourwhena circulationispresent.In factifthese-called
“natural”series(thatisa serieshavingthesamecoefficientsa in
a chosenincompressiblecasewithcticulation)isusedinonepartof
loThisdifficul.~isavoidedinthemethodbyBergusn(reference6),
whichusesa MfferentWe ofexpansionandusesthe.seriesinthe
eqonentielsetonlyaseventualauxiliaryseries.
— ———. —. — —.
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thehmlographplane(sothata basicseriesfromwhichthecoefficients
oftheotherserieswillbe deducedby theforesaidmethodisobtained),
theresultingbodywillbe closedonlyinthelimitingticompressible
case.In a tentativemethodtheautharhastriedto obtaintheclosing- ~
up ofthecontourby taldngthecoefficientsofthebasicseriesas
shplefunctionsof ~(wr) (oroftheotherquantitiesineg.uaticms(43),
wr generddycoticid@with w~ containingansrbitraryparsmeter.
Theses@le functionsreducetothecoefficientsofthe“natural”
serieswhen,forvemisldngWr,~ heccmmsunity.l%earbitrary
yarameteristhensodeterndnedthatthecontourclosesup. However,
becauseofthenecessi~ofusing,to expressthiscondition,different
seriesconnected.by intricaterelatiom,thismethodseemstohe very
complicated.” b themethodstudiedby theaulimr,seriesofthekind
given%Y equations(31),(32),end(33)(thatcenbe@ insinqle
relationwithseriesintheeqmnentielset)couldbeused,especially
fortheconditionintremsonicandsuyersomLcregicmswheretheseries
h theexponentialsetceasetobe useful.
It isworthwhiletomentionherethatthedemcmstratianofthe
convergenceoftheseriesintheexpcmentialset(thatChaplyginfirst
deducedinthehypergeometriccaseina somewhatcmrplicatedway)canbe
obtainedveryshplyandunderverywideassumptionsfor m(w) by using
thepropertiesofthefunctionsdefinedby equati~ (43).Taking,for
M.stancqtheseriesin Xne* = (Xne%e)n,it
tkt Xl > X= for,by equations(47)a (51),
is hnediately
R.
~ = (dlogm/dlogw)l/2= (1– M2)1/2<1
.
Jrw (x@J = ~w1 – RJ@ Q3 w> o
seen
%e yroblemoftheclosedcontourhasleensolvedina very
elegantwayhyLighthXU(reference8),whodiscovereda verysimple
developmentconverginginaJJ-thefield(su%sonicandtransonic)end
gavetheconditionsfcmtheclosing-upoftheflowbehind.thelcdy.
.
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Moreover,forplausiblem(w),
.
.
R@= (l- M2)1/2$
ml m
me decreasingfunctionsof w, sothat — <O - &<O. Tdsingdw
nowa valueof n greatertlmn 1 it isimmediatelyseenfrom
equations(~) thatif,foracmevalueof w,~ z RI,
then -d(Rn- R~ -d(R –Rn) >0
dw >0, andif ~~Rm then . Hencedw
if oneofthetwoconditionsisverifiedforsomevalueof w, thenfor
decreasingw thevalueof ~ wSU tivergemoreandmorefromthe
valueof RI and of R.,sothatitcannotbe equalto udty
at w=O. Hence,if %=1 at w=
R. < ~ -CRI andtiomequations(46)
Thefollowingllmitationefor ~
equations(47)end(52),forn >1:
0,“forothervsluesof w,
= %= erefoundbyuseof
NatursJ.ly,theselhitationsholdonlyfw realvaluesof R. and k,
hencefor M S 1. In thesamewayit isprovedthat,for n >1,
@<
Theanelogousdemonstrationfor
that T 2. ‘(1/~)- be an
-m d(l/m2)
$.Qand Vn requirestheassumption
ticreasingfunctionof w. Thisdoes
—.— ..— — ———. —
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notseemtobe toorestrictivea condition,far T_ -t,
beuni~at w= O and infimL@at M = 1. AccmlLngto
assumptionit canle directlyverifiedthat
r 1 .
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inanycase
this
d
()
& m3
m —=
‘=m+w (ml+ W)2
1 1d(l/m2)>0——d(l/#’)
By integratingtheseinequalitiesbetweenO and w itfollowseasily
that
thesignofequall~holdingatilyat w = O. Henceequations(49)
and(51)showthat,exclud@ w = O,1 < T_l< T ~ endtheequation
ccmespondingto (44)shows-t T_l,~ T- iS~ ~cre=~
functionof w. Nowfor - < –1 fromtheequationin T=, by a
reasoningidenticalto thatdevel~edfar Rm itcenbeproved
that l< T_l<T_ <T- ~~t ~ >y–l>ym> y_* ‘mce
fm ~n= Ya’ we followingbouudshold,for n >1:
.
.
—— -
7.
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shilarQ.,far ~~
49
TheconvergenceoftheChaplygin(orother)seriescanbe
immediatelydemmstratedbymeansofthesebonds.
Fornegativetitegral(eventuallyhalf-integral)waluesof n, for
thereasonsdiscussedinthesectionentitled“Theexponetiial.set,” the
conditionW. R and T areuni~ at w = O isnotstificientto
determinethesolution.However,it ispossibleto givesupplenmntary
conditlo.u,whichareamittedfm brevi~,suchthattheresult3ng
solutionsofequaticms(41)mayle usedto constructseriescmwerging
inellthesubsonichodographfieldetieriorto a givencircle.
A newset.– Here,onlybrieflymentioned,isa differentsetof
solutionEofequtio~ (23)in closedfarm.It haEbeenobservedin
thesectimentitled“TheeXPORentidset”thatt~ sol~io~ 91
emd 41 givenby equtions(~) cmnotbe derivedfromthesoltiions
oftheequationein ,% and ~ fur n2 = 1.
P’Conversel.yyifforgivenG = e-m and & = ~ne-~ ofthe
exponentialsetvslimsof F and % arededucedbymeansof
equation(25),orthesmalogouseq..tionfor %, thesoltiimso%tained
erestillofthecorrespcmdingeqonentialsetforallvaluesof n
but1.
moregeneralfcmmulas
ue–ie m W*G=y- )w@ml+~%
L
—— ———
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corresponding
with er= o,
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to equations(48),itfo~owsfromequation(25),
that
L
[il/m% = --ie l/*
srenewsolutionEoftheccnxrespondingequationsti.(23),whicharenot
includedinanyofthesetsalreadyU-scussed.
.
Thenifthevsria%lesareinvertedandtiterchqngedandthesign
of e ischanged,it is seenthat
satis~thecorrespondingequationsin (23);hencetherespectivereal
andhaginaq partssatisfytheequationsfor # and V.
Nowapply= agah equation(25)to thelastexpressions,other
solutionsoftheequtiam h F and % erefound,frm whichby
chamging@ thevariablesnewsolutimsG and ~ arefound.Hence
it isseenthattherepeatedapplicationxthedescri%edrecess
%generatesa newsetofsolutionsF and F, and G end .
.
.
—.—— —..
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Thefirsttermsoftheccmrespon~ incompressiblesetof Gi,
whichcanbe essilyobtdnedbyrepeatedapplicationfthef~ to
whichequation(25)reducesfor m = w
(whereV = we‘io) endsuccessivetiversionof V, are
Intheprecedimgsections,ithasbeenshownthatthesymmetrical
form,obtainedbymakingtheveloci~andmassvelocity(andnotthe
connectionbetweenthem)appearexplicitlyinthehmlographequations,
givesriseto an interestzlnggeneraltreatmentoftheseequations.It
hasbeenseenthatthecom@exfunctionsF and G, ofwhichthereal
partsexe x =d ~,~ connectedby symmetricalrelationsto the
functiom ~ and (?,havingm and $ as imgimry parta.m this
secticm,itwillbe shownthata12-thesecomplexfunctionscanbe
deducedby simpledifferentiationsfroma uniquefunctionQ,called
thegeneralizedpotentialfunction.
.. . ....-— —
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A eecondgeneralizedpotentialfunction~ Isalsofntioduced,
withinterestingpwperties.
letthecomplexveloci@endmassvelocitybe definedty .
(55)
andobservethattheyareboundby theconditionthattheirratio
WP
—=— mustbereelandequalto a Pescribedfunctionof w, cm
v PO
that w must%e a preswibedfunction~(W/V)oftherelative
densi~. Whentheseconditionsaresatisfied,thetwomoduM.of
equations(55)wi~ be connectedby IWI= m(IVI). Henceequations(55)
canbewritten
.
.
v (}=$2:-i*
w 0’.E E –ieVv
sothat
end
4)Wwm=—Vv
.—
.
——.
,.
..
*
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It isnow
Conaitioneend.
seenthatfi”W and V erenot
me independent,heserelations
53
boundbytheforesaid
canbe usedto define
generalizedcamplexvaluesof-19(VjW)jw(V,ll),and m(V,W)andthere-
foreofdlltherelatedquantities.Hencetheequation
d logm1–M2= d logP=1–—= ~ _ d log (w/V)d logW d logw d logo(w/v) (56)
deftiesa camplexMachnumberM = M(W/V)which,ifthephysical
conditionsconcerdngV and W aresatisfied,reducestothe
real M(P/PO)andcantherefarebe hmmdlatelydeducedwithouthe
helpofequation(56)by sh@y replacingintheexpressitiM(P/Po)
therealvariableP/POhythegeneraMycmpla variableW/V.
Nowthehodographequatiuns,consideredfcmcomplexvaluesofthe
vmiables,canbe transfcnmedby takingV and W asnewindependent
variables.IYcmequations(55),
p
–ie%“we
aw=~–ie (Q
i)w dw
all e-ie
—=am
and
_—— ..-—
.—— —
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sothat
a
(
dwa a
.— )‘Z=vhav+%
p= a a
ae ‘X+w%
Henceequations(23a)snd(23%)bec-
( )wFv+~Fw =m-v+TiFw
Emd
(57)
( )‘Wj?+Fw =VTV+WFW~~v
,
wheresubscriptsdenotepertislderivatives.Thesearesatisfiedif
= Fw (~a)
‘v
V%v=w ~ FW (m)
or
v~v = = @FWd logw
(*C)
.
.
..
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Theffrstoftheseequationscanhe satisfiedifa function@ is
introducedsuchthat
andthesecond
equation
where 1 — M?
(59)1J?.@wF=@v
willaJ5038 satisfiedif O isa solutionofthe
v2~. (l– M2)w2~ . (63)
isthefunctionofW/V defined~ equation(56).
Theme- of equations(59)and(6o)isthefollo~. If
a @(V,W)sati- equation(~) islmown,andafter@V and @W .~e
calculated,theri@t miluesof V and W areintroduced(thatis,skh
that W/V isrealand IWI= m(jvl)),then
X = R.P.(@w)
o = I.P.(@V)
wiu te solutionsofequations(8).
Observethatifinequation(60)thetwoccmplexmriablesare
replacedby therealvariablese and w (andm(w))by theinverse
relationsofequations(5,7),theresult% eq~tion(fia cqlex @
remainsunchangedby exchemgingw and m. ThefunctionsF and 4
(ad x end CD)canbededucedbyrelationscontalmbgthederivatives
of o withrespecto w,m, snd ie.
.
—. ——. —. —.. —
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Equations(23c)ad (23d)canle treatedinthesame~ endthe
resultisfoundthatif 1(1/V,l/W) isa solutionof
(61)
thenthefunctions
(62)
willhe,uponsuhtitutionoftherightveluesof.W ~ V, solutions
ofequations(23c)md (23d),sothatthefmmtiom
and.
~ %e soluti~ ofequations(6).
—-—. .- .—-—
8.
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Naturally ~ snd V can also be relatedto @. From
withthehelpofequations(57)and(58),itfollowsthat
Hence,
unessential
57
equations(24),
(63)
cmpariscm withequations(62)showsthattowiti an
comtant,
)
o~ ~
g={T+F (64)
.-
..
Thephysicelcoordhatesarededucedby thefollotigrelations
w~fi~ be obtainedfromequations(30)%Y useofequations(55),(57),
:
(S+iN=e-ie ~#
i
)w W+f?w
( )3+iN=e-ie@w+~@w
(65)
.
.
._. ——.—— -— .—— —— ———. .—.-.——
xAfterassigningto W end V theircorrect
fromtheimag- part,andusingequations
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values,separatingthereal
(2),it canbe shown
eqlicitlythat
z (~ v#w‘%+% +%-v)+: (YWW-mm)
whichcanalsobewritten
By differentiatingthisequation,
expressionof dz whichmustcoincide
with
therecanbe deducsdan
tiththeeqression(2),thatis
.
(67)
,.
when d~ and d~ areobtained
tirivedframequations(63)
by &Lfferentiatingtheexpression
Itcanbe shownthattheagreementexistsM O isa solu%ionof
equation(@), andif W/V isreel. It seamsthereforethatthe
cmuparisonofthevaluesof z calculateddirectlyfromequation(66),
ordeduced%y Integrationfequation(67)(US= eq~tion(~))z ~Y
constitutean interest@checkontheaccuracyofappr-te methods.
.
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Olservethat
equation(60),the
59
0 = Clv+ C2W-1-C3VW isa Particularsolutionof
simplemeaningofwhichis*hat c1 constitutesan
additiveconstantof m andof 4, C2 thessmefar X and -@,
and C3 (cqlex) representsa generaltisylacementoftheoriginof
the@ysicalcoordinates.
Particularsetsofsolutionsofequations(6o)ma (61)we easily
deducedflmmthesetsstutiedinthepreceiblngsectionsby integrating
therelations(59)end(62)endtitroduc~theexpressiausof w,m,
end 13 asfunctionsof V and W.
In theincompressiblecase,V = W, 1
-M?=l andequations(6o)
and(61)reduceto identitiessatisfied~y everyfunctionof V. The
writtenrelationsreducethento
Fi(V)= @i’(V)
=Ws+mZi(v)=Fi’(V)= @t’’(V)= eie(S+ iN) —
v
Ifthesoltiioncorre~ondingtotheincompressibleflowmound a
givenbodyislmownintbe@ysicalplane,@i(V)canbe deducedfl-om
theserelations.Theprofileofthelodycan,forfiance, %e defined
ly a relation.S = P(N) betweenthesubncmmalandthenormalfor ~ = O
(andhy givingthisvaluetothecorres~ streamline).
Hencefor I.p.(Gi)= O,thatisyfor I.P.(V@in)= I.P.(@i’)it
followsthat
w’S= R.P.(V@i”)= Wp[ 1$l.P.(@i’)
.
—
.. — -— —
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Thecorrespondingrelationforthecompressiblecase,which
canbe easilydeducedfromtheprecedingfommd.as,is
for I.P.~~(~+~~=O,
aftertheccrrectvaluesfm V and W areintroduced.ThefunctionI
willle thesameinbothcasesiftheprofileisunchanged.
me equati-bns(6o)and(61)areofthesamegeneralkbd. It is
possibletopassfrm theonetotheothernotonlyby a substitution
likeequation(64)butalsoby simplyputting
(69)
stnce,ascanle hmetiatelyverified,O* mustsatis~equation(61)
end %, equation(&l).5 equaticmsmy betransfcmnedinmanyways
by changingthetwoindependentvariables.- ofthesetransfcremations
is obtainedby takingasnewfntipendentvariables(K beinga constant):
(70)
——— .
11q=––—
v warJ
—
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Theequation(61)in ~ (w Q*)isthustrmsfcmmedinto
(’n)
wheretherhd factoroftheright-handsideis a functionof W/V,
henceof ~/g,
A dmll.ar
puttingE = v
tramfomationmaybeyerformedaaequation(60)by
+W @ q=v–w.
61
OtherInterestingtrensfmmationsareobtainedby taking
E=logv-+G(w/v) and q= b(W/V)ad chcmsing in differentways
thefunctionse and b. In thiscasethemriabili~ofthe
q variablecanbe restrictedto therealfield.Pa@icularcasesere
obtainedby taking,forimtance,e =0, G=
(
k
log w/v),
~- d logwtj=I-M2 and 5=w(W/V)
)
—. Anllqmtant
d log(V/W)= M2
cueistheonefwwMch ~=X -ie end q = X,ti-ereX isthe
sameas b equation(IL)orequation(52);thisis obi@nedm,<
taking
da -1 db fi-ti ~
d log(V/W) d log(v/W)= M2 “
thistrsnsfamnationisperformed,an equationin O* tiy (orone
h @ end I*) isdeducedthatW be usedto obt~ ~ct~
solutionsofthekind_obtainedbyBerggnan(reference6)and
Lighthill(reference8).
F?inalll.,etequation(60)be writtenwith
law. In tluLscase
.
.
theactualisentropic
—-.—
—
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Hence,considerationoftheobservation
substitutionftheresultingvalueof
yields:
/
I?ACATN 2432
followingequation(56)and
M(W/V)in equation(60),
Thereisa correspondingequationfcmequation(61).
corresponUngvaluesof 1 — Mz sreshowninfigure
w
of Y with –=~ aaalscissa.It isinteresting
7 Po
Forreal W/V the
5 forsomevslues
to otmervethat
if Y isintheactualrangeforgases,itsvaluedoesnotseemto
effecto a greatextentheshapeofthecurves,especiallyinthe
-, sulsonicrange.Thefactcm1 – M2 islinearinW/V for 7=0 and
h
not
the
v/wfor-Y = 2;forothervaluesof 7 h theictualrangeit is
farfrcma straightlineinthesubsonicrange.
W2
The curve 7 = –1, that is 1 – M2 = — isalsorepresentedin
T2
figure,andcorrespondsto Cha@ygin’sapproximation.TheK&&n–
.
.
.
Tsienappro~tion correspmxisto 1- M2 . @ wheretheconstantK. .
V2
(seeequations(17)and(21) is sochosenthatat infinity(P= P.)
1–M? willtakethemiluel– %2 gi~enhy thetruelaw.
THEC?HKPIYGIIi-&Rl&~ CASE
FortheChaplygin~~sien aypretion therightHmndside
ofequation(71)(orequation(69))becomeszerosothatthegeneral
solutionsofequations(60)andL61)ere
[ 1al=v-wfl(E)+ fz(q)
~ = cl(g)+ e2(q) 1
(72)
“
—
.+.
,.
.
.
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with el,e2,fl,~ fa arllitraqfunctions
and q deftiedby equati~ (70).Theva&
P02
Chaplygin7sapproximation;K = (1 – Mm2)—
~ 2’
w
63
ofthevsriablesE
K= 1 cwrespondsto
totheK&m&r sien
approxlmatiun. W As ithasbeenotmervedinthesectionentitled
“ApproximateM thods”itcante convenientto choseK-aluesbetween
thetwo.
Thesolutions(72)oembe interpretedb twoclifferentways.
FirsttheycanheregardedasthBexactsoltiionsofthe
equationsfora gassatis~ingtheideallaw(18).
Withtheuseofequations(70)for ~ and q,this
writtmnI~1IVI= =; w fa real W/V,hencefarresl ?
lEd =E~=q-E=a
correspon@g
lawcanbe
/%
(73)
‘l?hisr-elation allowstheemressionof ~ (ad %) astheS~ oftwo
In the
approximate
thiscase
second interpretation, equations (72) are
soltiionsoftheequationsfortheactual
()Id ‘ET=E=L1-K$ P%
consideredas
awofgases.h
(74)
isno longera constant,butisa functionof w.
12Asobservedinfootnote4 theactualpresentationfthismethd
ismarecoherenthantheusualone,asthecanstantsH and K of
f~ (18)areherededucedfora singlereferencecontition;amely,
theinfinitep@nt.
.
.—— ——
—. —-_
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I?aturalM thelaste~reesion,andtherelatim(73),donot
restricthe‘&dependencyof ~ &d q;aEtheymustbe usedonly
sfterti theformaldeductionsfromequations(72)ofthefold.otig
kindhave
. equations
been~rfO=a; ICrmequakions(72)andtheapplicationf
(59),
(
1
‘F= OW=V fl– — fl’+ fp+ & f2~
w@ Ww )
(%=@T’w fl–~f ’+ f2-; f2’VI )
ala
Accordingto equation(64),thelaste~ession coincideswith ~;
hence,by equ.atiom(72),
‘1 = 2f1– Efl’
e2= 2f2– l’)fp’
. .
mm equatiom (62),
and
.——
—
9.
.
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sothat
65
(75)
gl @ ~ beingtwofunctionsrelatedto fl and f2 by therelations
$11= ~flnt
~: = ~f2111
Now,fromequation(66)fm?realW/v
thesameargument+,and~ and~w
(henceif V
sameergumente):
w
(76)
have
gfl’-i-* E%“ t+$f+2n+$e.fl– 1 +fp–vfp 2ieEn(fl”+ fpn)
(77)
———
— ..
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ThiEl
hodograph
relation gives the physical cocmdinates as a functicm ofthe
Com-tes”w- e‘n E‘k+.*leie
- ,=[L&Jieareintroducedintoit (with theassigned.
law m(w)). -- - J
Differentiatingequation
2 dz= E%lnzdE
But &Z iSdSO
foil.oltlngway
(77)@elds
Iq (f~’”d +f2 ‘nd~)+ (flu+ f2n)dkql
,
givenby equation(2),whichmy be tranEfornmdinthe
or (seeequation(75))
Hence,h accordancewiththeobservationfollowingequation(68),these
twoexpressionsfor dz coticideonlyif 1~I isconstant;thatis,
?iftheIRWconnecting~ and q isthelaw 73)(ar(18)),hencethe
samelawaatheoneforwldchtheequations(~) ~d (61)admitthe
solutions(7’2)l Thisiswhatisdoneinthe F !l’sienmethod.If,
onthecontrary,thealternativeinterpretationofequation(72)is
adopted,thecoticidenceasesto tist. b thiscase,ifthelaw
connect@g ~ with q istheexactgaslaw,theerrortermbetweenthe
twoWdm.esof z,thatis,
f
AZ=; (f~”+ fz”)
with I~qI givenly equation(74),my be
appradmationoftheappradmatesolutim
dl~ql
regardedasa measureofthe
(72).
.
—.
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.
.
.
Observethatifthelaw(73)istaken,henceif ~ =-~,
equation(75)showsthatthegeneralsolutionfor @ + i~= isa
functionof E alone(contmininntheconstantH),thatis,itisa
functionof A - iO,where h isgivenby equation(19),a resultin
accordancewiththeChaplygin;s monogeneityconditions.
Theexpression(~) for z can30 alsowrittenbyusingthe
functio~ gl -d ~ i@.e~ of fl and f2 so-t (See
equation(76), “
2z=(rE2ff’’”+/T&’”dq+ Iqgl(flu+ fp”)
. fEik-l+J’,%+l@z+&+
If thelaw(73)isasmmed,thisequationreducesto
(78)
\
(79)
where g(!l)= gl(~)+ ~(~/~) istheccnqlexpotential@ + ifi$ in
J
thiscase.In theincompressiblecase H = O,K = 1,and 2Zi. ~ ~
with ; = V. HHenceTsien’E formulaz = zi– ~
f( )
Q *&i ~,
q
immediatelyobtained.
,
_ . . —.———
—.-—— —— _—-
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It iswell~own thatinthecaseoftlmflowrounda bodyTsien’s
fmanilageneratesclosedprofilesonlyif cticulationisabsent.Many .
atihorshavestudiedextensionsofthemethod.to thecasewith
circulation.Bers,Germain,andLersy(references13 and14)have
fo~oweda firstway;M, ~rmain,andklbart(references15,14,
and7)a secondway;herea thirdwayof constructingflowsaround
closedprofileswithcirculationw131be shown,basedonthesubdivision
of g(g) into gl(E)ad @(E).
~t gl(Vfi(zi))= ~(~/E.@)be the
coqlexptentialofan inccmyressihleflowarounda closedprofilewith
a circulationr. ~en, s~e for E ~= Em,
it fdJJ3wElthat
f $~%=a ~i=o
J
1
}
(80)
where the integraticms are perfarmed along
@ane enclosing the profile, or around._&e
the &@ane enclosing Em (for simplici~,
Now generslIy,
my contourinthe p~sicsl
corresponding.contourin
Wpose V=-ad Q real).
sothat
.
(81)
(82)
andthevalueof z givenby equation(79)fa a campresstbleflow
with g = gl isnotone-valued.Butif g=gl+~ for~e
given $, a ~ canbe determinedin sucha waythatthecorresponding
residualtermsin equation(79)wfU compensatehevalueofthe
.— .
..
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lestwrittentitegral.If themlue ofthecirculationmustremain
unchenged,~ mustbe one-valued.Thisconditioniso%tainedvery
shrplybytalcing,forinstance,
Theconstanth cm nowbe determinedsoasto obtainthesaid
ccmyensation.1% theidenti~
ti fromequation(8IJitfo~owsthat
r &’-l
i
~-(n+r)
=— dzi= rtim=r
n+r
Hencefarreal ~. and H = -E.~v~,.
.-
If equation (79)mustbe one=valued,thelastquanti~mustbe
eq,tito (seeequetion(82))
. . . . ..—.——
.——. ——— ——. —–—-—
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Hencetheequations
2qm
h=
Em–u
?-
.
willsatis~the
Obsemenow
theconditionis
whereT isa
sJ3.thedomain
faresaidmntitim of c~ensation.
that the constant
alsosatisfiedif
ofmriationof &
p+im- =g(E) =/3&) +
where P is enarbitraryfunction
NACATN2432
(83)
factordoesnotde~endon n. Hence
(~~~)n isrell-acedby 2(~~/~)/l?(l),
oran
Hence
2%
imfiniteseriesconvergingin
thefunction
of EJE, Is Emaly-ticill d-lits
domainofvariation,andwillgeneratea flowarounda closedprofile
withcirculationr.
Obsemethatby usingequations(70)forreel ~a end ~ the ‘
expressionfortheconstanth is
h=- .% fl-l
Em- nm ‘o
—
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FortheChaplyginor /~sien valuesof K thereisobtainedu
respectively,theverysimple xpressions,lothvanishinginthe
incanpressibiecase:
.-
h=~–1
m
Perticulerlydmpleformsofequation(84)areobtainedby
puttingn = O or n = 1 inequation(83).For n = 1 enexpression
isobtainedwhichcohcideswithwhatbecmestheLighthillsoltiion
for 7 = –I (reference8).
Thesolution(84)satisfiestheconditionofgeneratingsolutions
arouadclosedprofileswithcticulationwhen /qEl= Constant,end
z isgivenby equation(7g).Nowif [q~1 isvariable,asgivenby
equetion(74),sndtheequations(72)areconsideredasappro~te
solutionsoftheexactequations(6o)end(61),itisstillpossibleto
fM solutionsforwhich z, givenby equation(78),isOnevdued. H
- ~(~/E.m)iSthec~lex p~enti~ forthe~ovessible c~e,
satis~ equatians(80),with rl inplaceof I’,andif ~(~/&)
isa functionforwhichtheewessions
..
.
(85)
. . . . . . .——— .—
— — —.
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(anelogoustoequaticms(80))hold
inthe ~ planealongthecontour
equations(&)),thenequation(82)
give
.
n.
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wheretheintegrationssreperformed
corres~mllngtotheoneof
andtheanalogousrelationfor ~
2r.
$1 2r2— % =—T nm
sothatthesw
.
will bezerofor
Henceequation
equation(85)with
‘2
(78)KLU he
r2 givenby
p + iav
one~ued if
equation(86),
(85)
~ satisfies
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willrepresent,vhentheexpressions(70)for ‘E and q ae replaced
bytheexactconnectionbetweenm and w, ~ apprate solutionof
theexactequationswithcirculation
r ()‘r1+r2=rl l-~a
z be~ givenby equation(78),endtheerrorterm
representingameasureoftheapprodnation
Clearlythesimplestwayofsatisfying
thatoftakin#
btained.
equations(85)and(86)is
*(O ‘+ t3Jii)
m
Naturellyt~s soltiionstillholdswhen I*I = Constsmt.
Anapp?oxhuatesol~ionfoythetransomLccaseisnownoted,
correspondingtothesubsonicKar&@Tsienap~oximation.H Mm = 1,
thentheK&rm&Tslenvalue(equation(21))for K iszero.The
133_fthe ~ !sienvelue(equation(21) isadoptedfor K,whichmakestherigh&handsideofequation(71 zeroatinfinity,then
.- -.—.—— —— --——-— .——
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correspondingcurveof 1 – & infigure7 reducestothehorizontal
axis 1 – M? = O. fithiscasetherigh~ sidesofequations(60)
EUNI(61)arezero,endtheres_pcti~esolutionsare
@ = fl(w) +Tf2(w)
.
.
I = * el(W)+ e2(W)
wherethearbitrary functions involved are bound bytherelations
-q . fl~
‘2
42 =f2t+F
Equations(66)and(68)thengive
;R.P.(Wf2’)++~+l.P. (f2~ =f2t ++z=— ,.p.p($+f2.]
($ )@+i#=4LP. (fl’)+iI.P.~fl”+w2f2”+wf2’-f2
Theapproximategaslawcorrespondingto 1 – lf?=o ia,by
equation (56),m = Constant,thereforePOIP is fioportional to w.
Actuallym hasamax3mmnekM = 1,andthedistemceb tweenthe
streamlinesreachesthereaminimum.H theawoximatelaw m = Constant
wereadopted,thedistanceb tweenthestreamlineswouldbeunchanged .
——
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throughoutthefieldofmotion,andthiswouldgiveriseto difficulties.
Butifthesolutionisconsideredaeanapproximatesolutionofthe
exactequationsinthetransonicfield(evenfor Mm+ 1 butnear1),
thentheexactlawfor m(w) cm be introducedinthesolutions.This
approximateransonictheoryseemsworthyof development.
Septeniber27,1949
.
. .
.——.———.—— — —.
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